Abstract. Let 2p + 1 ≥ 5 and p ∈ N. Let K be a closed oriented (2p + 1)-dimensional submanifold of S 2p+3 . Then K is a Brieskorn submanifold if and only if K is connected, (p−1)-connected, simple and has a (p+1)-Seifert matrix associated with a simple Seifert hypersurface that is (−1) p -S-equivalent to a Kauffman-Neumann-type, or a KN -type (See the body of the paper for a definition.)
Introduction
Our main results are Theorems 3.3 and 3.5 in §3 and Theorem 6.3 in §6. We state them after some preliminaries. 
Review of simple submanifolds and Brieskorn submanifolds
We work in the smooth category. Let J (resp. K) be a (not necessarily spherical) closed oriented n-dimensional submanifold of S n+2 (n ∈ N). (If J is homeomorphic to the standard sphere, J is said to be spherical.) If there is an orientation preserving diffeomorphism map f : S n+2 → S n+2 such that f (J) = K and such that f | J is regarded an orientation preserving diffeomorphism map J → K, we say that J is equivalent to K. By obstruction theory there is a connected compact oriented (n + 1)-dimensional submanifold W of S n+2 such that ∂W = J (See e.g. Theorem 3 in P.50 of [11] ). We call W a Seifert hypersurface for J.
(Replace S n+2 with another (not necessarily closed) compact oriented (n + 2) manifold. If there is such W for J, we also call W a Seifert hypersurface for J.)
Suppose that a topological space A is a sub-topological space of a topological space B. Let A denote the closure of A in B. We do not say what B is if there is no danger of confusion.
Let M be a manifold-with-boundary. Let IntM denote M − ∂M. Let P be a (not necessarily closed) n-dimensional oriented submanifold of a (not necessarily closed) m-dimensional oriented manifold-with-boundary Q. Let N(P ) denote the tubular neighborhood of P in Q.
Let K be a (not necessarily spherical) connected, closed, oriented, (2p + 1)-dimensional submanifold of S 2p+3 (p ∈ N). K is said to be simple if K satisfies that π 1 (S 2p+3 − N(K)) ∼ = Z and π i (S 2p+3 − N(K)) ∼ = 0 (2 ≦ i ≦ p). Let V be a Seifert hypersurface for K. V is said to be simple if π i (V ) is trivial (1 ≦ i ≦ p). See Theorem 7.1.
Let V be a Seifert hypersurface for a closed oriented (2p + 1)-dimensional submanifold K ⊂ S n+2 . Let x 1 , ..., x µ be (p + 1)-cycles in V which compose an ordered basis of H p+1 (V ; Z)/Tor. Recall that the orientation of V is compatible with that of K. Push x i in the positive direction of the normal bundle of V . Call it x
We sometimes omit to write K, V , and {x i } when they are clear from the context. See e.g. [9] for (p, n + 1 − p)-Seifert matrices for n-knots (p, n ∈ N).
Let A be an r × r-matrix. Let P be a unimodular r × r-matrix. We say that A is equivalent to A ′ if A ′ = t P AP , where t denotes an operation of making a transposed matrix.
Proposition 2.1. (Well-known.) Let S (resp. S ′ ) be a (p + 1)-positive Seifert matrix for the above K associated with the above V represented by an ordered basis {x i } (resp. {x ′ i }) of (p + 1)-cycles. Then S is equivalent to S ′ .
If a (p + 1)-positive Seifert matrix P for K and a (p + 1)-negative Seifert matrix N for K are defined by the same ordered basis {x i }, we say that P and N are related and that the pair (P, N) is a pair of (p + 1)-related Seifert matrices for K. where α and β are column vectors. We say that A is (−1) p -S-equivalent to A ′ if A is equivalent to A ′ . We say that A is (−1) p -S-equivalent to C if A is (−1) p -S-equivalent to B and if B is (−1) p -S-equivalent to C. Let K be a closed oriented (2p + 1)-dimensional submanifold of S 2p+3 (p ∈ N). If A is a (p + 1)-Seifert matrix (resp. negative (p + 1)-Seifert matrix) associated with a simple Seifert hypersurface V for K, we call A a simple Seifert matrix (resp. negative simple Seifert matrix ) for K. We can define a pair of related simple Seifert matrices for K.
Note. If we say that K has a simple Seifert matrix A, then it means that K has a simple Seifert hypersurface.
Let a * be an integer≧ 2( * = 1, ..., q), where q ∈ N. The submanifold
.., a q ). The oriented diffeomorphism type of the Brieskorn submanifold Σ(a 1 , ..., a q ) is called the Brieskorn manifold Σ(a 1 , ..., a q ).
Let a be integers≧ 2. Let Λ a = (ζ i,j ) be an (a − 1) × (a − 1) matrix such that
It is called a Kauffman-Neumann-type, or a KN-type. See the last few paragraphs of §6 in [8] for KN-types.
The Brieskorn submanifold Σ(a, b) ⊂ S 3 is the torus (a, b) knot (See [17] ). It is wellknown that they are classified. We say that the Brieskorn submanifold Σ(a) ⊂ S 1 is the empty knot of degree a (See [8] ).
..,aq is a simple Seifert matrix.
We prove that the converse of the q ≧ 4 case of Theorem 2.3 holds and that that of the q = 3 case does not hold in general. See Theorem 3.3, Note 3.4, and Theorem 3.5.
Theorems on simple submanifolds and Brieskorn submanifolds
Theorem 3.1. Let p ∈ N. Let K be a closed oriented (2p + 1)-dimensional connected, (p − 1)-connected, simple submanifold of S 2p+3 . Let P be a simple Seifert matrix for K. Then the following two conditions are equivalent.
Note that we have the following proposition.
There is a closed oriented (2p + 1)-dimensional connected, (p − 1)-connected, simple submanifold K of S 2p+3 with the following property: There is a simple Seifert matrix P and a Seifert matrix R for K such that P is not (−1) p -Sequivalent to R.
Note. In Proposition 3.2, R is not a simple Seifert matrix. If R is associated with a Seifert hypersurface W for K, then W is not a simple Seifert hypersurface.
In [15] it was proved that if K and J are spherical, the following Theorem 3.3 is true. We generalize his result and prove a stronger theorem, which is Theorem 3.3. (1) Let 2p + 1 ≥ 5 and p ∈ N. Let K and J be closed oriented
(ii) A simple Seifert matrix P K for K is (−1)
p -S-equivalent to a simple Seifert matrix P J for J.
(2) Let K and J be closed oriented 3-dimensional simple submanifolds of S 5 . Suppose that K is diffeomorphic to J. Then (i) is equivalent to (ii). (i) K is equivalent to J.
(ii) A simple Seifert matrix P K for K is (−1)-S-equivalent to a simple Seifert matrix P J for J.
Note 3.4. In Theorem 3.3. (2) we cannot remove the condition that K is diffeomorphic to J. It is because there is a closed oriented simple 3-dimensinal submanifold E ⊂ S 5 with the following properties: (i) There is a simple Seifert matrix P for E which is (−1)-S-equivalent to the empty matrix.
(ii) E is not homeomorphic to the 3-sphere. See Note to Proof of Theorem 7.2.(1) in [9] . 
(ii) K is connected, (p − 1)-connected, simple, and has a simple Seifert matrix P that is (−1) p -S-equivalent to a KN-type.
(2) Let a, b, and c be integers
(ii) K is diffeomorphic to the Brieskorn manifold Σ(a, b, c). K is simple and has a simple Seifert matrix P that is (−1)-S-equivalent to Λ a,b,c .
Note. We cannot remove the condition 'K is diffeomorphic to the Brieskorn manifold Σ(a, b, c).' in (2) of Theorem 3.5. See Note 3.4.
By Theorem 3.3 we have the following. Theorem 3.6. (1) Let 2p + 1 ≥ 5 and p ∈ N. Let K be a closed oriented (2p + 1)-dimensional submanifold of S 2p+3 . Let A be a 1-link. Let a * be an integer ≥ 2 ( * = 1, ..., p).
(ii) K is connected, (p − 1)-connected, simple. There is a simple Seifert matrix P for K and a Seifert matrix P ′ for A such that P is (−1) p -S-equivalent to P ′ ⊗ Λ a 1 ,...,ap .
(2) Let K be a closed oriented 3-dimensional submanifold of S 5 . Let A be a 1-link. Let a be an integer≥ 2. Then (i) is equivalent to (ii).
There is a simple Seifert matrix P for K and a Seifert matrix
There is a simple Seifert matrix P for K and a simple Seifert matrix
Note 3.7. In the above Theorem 3.6.(1)(ii), (2)(ii), and (3)(ii) we use the following fact, which is proved in §6 of [8] : Let X (resp. Y ) be a (2x + 1)-(resp. (2y + 1)-)dimensional closed oriented simple submanifold ⊂ S 2x+3 (resp. S 2y+3 ), where x, y ∈ N ∪ {−1, 0}. Here, we regard X (resp. Y ) as a 1-link if x (resp. y) is 0, and as the empty knot if x (resp. y) is −1. Let S X (resp. S Y ) be an (x + 1)-(resp. (y + 1)-)positive Seifert matrix for X (resp. Y ). Let
Let M be a closed oriented m-dimensional manifold which we can embed in S m+2 . Let K be a closed oriented m-dimensional submanifold⊂ S m+2 which is diffeomorphic to M. Take a tubular neighborhood of
Thus we obtain a submanifold M × {0} ⊂ S m+2 . Call this submanifold K f . Then is K f equivalent to K? Question 3.9. In Question 3.8, replace f with any diffeomorphism of M × S 1 . What is the answer?
In Question 3.8 (resp. Question 3.9), if M is the standard sphere, there is such an f such that K f is nonequivalent to K by [2] . We have the positive answer under some conditions on K if M is the standard sphere by [3, 15] .
We have a partial solution to Question 3.8 by Theorem 3.3. That is, we have the following:
, we have the positive answer.
Note. In [15] it was proved that if K is spherical, Corollary 3.10 is true. Corollary 3.10 is its generalization.
Review of knot products
Knot products, or products of knots, were defined and have been researched in [6, 8, 9] . Let f : C n −→ C be a (complex) polynomial mapping with an isolated singularity at the origin of C n . That is, f (0) = 0 and the complex gradient df has an isolated zero at the origin. The link of this singularity is defined by the formula L(f ) = V (f ) ∩ S 2n−1 . Here the symbol V (f ) denotes the variety of f , and S 2n−1 is a sufficiently small sphere about the origin of C n . Given another polynomial g :
The construction generalizes the algebraic situation. Given nice codimension-two embeddings K ⊂ S n and
n and L ⊂ S m be (not necessarily connected,) codimension two, oriented, closed submanifolds. Take smooth maps f :
m − L is the total space of a S 1 fiber bundle such that each fiber is the interior of a Seifert hypersurface as in [6, 8] , K ⊗ L is a smooth codimension two closed submanifold ⊂ S n+m+1 . 
Review of local moves on high dimensional knots
Local moves on high dimensional knots were defined and have been researched in [9, 18, 19, 20, 21, 22, 23, 24] .
We review pass-moves on 1-links. See [7] for detail. Two 1-links are pass-moveequivalent if one is obtained from the other by a sequence of pass-moves. See Figure  5 .1 for an illustration of the pass-move. Each of four arcs in the 3-ball may belong to different components of the 1-link. If K and J are pass-move-equivalent and if K and K ′ are equivalent, then we also say that K ′ and J are pass-move-equivalent.
We review (p, q)-pass-moves on n-knots (p, q ∈ N, p + q = n + 1). Figure 5 .2, which consists of the three figures (1), (2) and (3), is a diagram of a (p, q)-pass-move-triple. Confirm that, if (p, q) = (1, 1), the (p, q)-pass-move is the pass-move on 1-links.
Take an (n + 1)-dimensional p-handle h p * ( * = +, −) and an (n + 1)-dimensional (n + 1 − p)-handle h n+1−p in B with the following properties.
(1) h p * ∩ ∂B is the attaching part of h is one if an orientation is given.
. Note the following. When we define K + , h + exists in B and h − does not exist in B. When we define K − , h − exists in B and h + does not exist in B. 
We also say that (K + , K − , K 0 ) is a (p, n + 1 − p)-pass-move-triple. We say that K + and K − differ by a single (p, n + 1 − p)-pass-move in B.
is a (p, n+1−p)-pass-move-triple. If K + and K − differ by a single (p, n+1−p)-pass-move in B, then we also say that K − and K + differ by a single (p, n + 1 − p)-pass-move in B.
Then there is a Seifert hypersurface V * for K * ( * = +, −, 0) with the following properties.
(1)
We review twist-moves on high dimensional knots. (Note: In [22] the twist-move is called the XXII-move.) Figure 5 .3, which consists of the three figures (1), (2) and (3), is a diagram of a twist-move-triple. Confirm that if p = 0, the twist-move is the crossing change on 1-links. Note. [4, 5, 27, 28] etc. imply that the core of h + (resp. h − ) is trivially embedded in B under the above condition.
Suppose that (h + − its attaching part)∩(h − − its attaching part)= φ. Suppose that their attaching parts coincide. Thus we can suppose that we regard h + ∪h − as an oriented (2p + 2)-submanifold ⊂ S 2p+1 if we give the opposite orientation to h − . Then we can define a (p + 1)-Seifert matrix for the (2p + 2)-submanifold h + ∪ h − . We can suppose that the Seifert matrix is a 1 × 1-matrix (1).
Let K * ( * = +, −) satisfy that K * ∩ IntB = (∂h * − ∂B). Note the following. When we define K + , h + exists in B and h − does not exist in B. When we define K − , h − exists in B and h + does not exist in B. then we also say that (K − , K + , K 0 ) is a twist-move-triple. If K + and K − differ by a single twist-move in B, we also say that K − and K + differ by a single twist-move in B.
Note. Suppose that p is an odd natural number, put p = 2k + 1. The twist-move for (4k + 3)-submanifolds ⊂ S 4k+5 (4k + 3 ∈ N, k ∈ N ∪ {0}) has the following property: Suppose that K + is made into K − by the twist-move. Then K − is a nonspherical knot in general even if K + is a spherical knot. Furthermore the H * (K − ; Z) is not congruent to H * (K + ; Z) in general. Example: A Seifert hypersurface V * for a 3-knot K * ( * = +, −); Framed link representation of V + is the Hopf link such that the framing of one component is zero and that that of the other is two. Framed link representation of V − is the Hopf link such that the framing of each component is two.
Let (K + , K − , K 0 ) be related by a single twist-move in B. Then there is a Seifert hypersurface V * for K * ( * = +, −, 0) with the following properties.
V 0 ∩ ∂B is the attaching part of h The ordered set (V + , V − , V 0 ) is called a twist-move-triple of Seifert hypersurfaces for (K + , K − , K 0 ). We say that V − (resp. V + ) is obtained from V + (resp. V − ) by a single twist-move in B.
Theorems on local moves on knots and products of knots
In [9, 10] we obtained many results on relations between knot products and local moves on knots. In this paper we prove the following results.
Theorem 6.1. Let 2p+1 ≥ 5 and p ∈ N. Let J be a (2p+1)-dimensional smooth submanifold ⊂ S 2p+5 . Suppose that J and K differ by a single twist-move and are nonequivalent.
2p+1 with the following properties:
(ii) A and B differ by a single twist-move and are nonequivalent.
(iii) The equivalence class of such B is unique.
Note. Compare the above Theorem 6.1 with Theorem 7.3 of [9] .
µ Hopf and such that A is pass-move equivalent to B.
Note. We abbreviate A⊗(the Hopf link) to A⊗Hopf.
In Theorem 8.1 of [9] we proved the following: If a 1-knot A is obtained from a 1-knot B by one pass-move, then A ⊗ µ Hopf is obtained from B ⊗ µ Hopf by one (2µ + 1, 2µ + 1)-pass-move.
In Theorem 8.10 of [9] we proved the case where A is a knot in Theorem 6.2. These two theorems imply the following: A 1-knot A is pass-move equivalent to a 1-knot B if and only if A ⊗ µ Hopf is (2µ + 1, 2µ + 1)-pass-move equivalent to B ⊗ µ Hopf. In Theorem 4.1 of [10] we proved the following: If a 1-link A is obtained from a 1-link B by one pass-move, then A ⊗ µ Hopf is obtained from B ⊗ µ Hopf by one (2µ + 1, 2µ + 1)-pass-move. By this fact and Theorem 6.2 we have the following. 
Handle decompositions of Seifert hypersurfaces
We use Theorem 7.1 in order to prove our other theorems in this paper. A special case of Theorem 7.1 is proved in [12, 15] , which includes the case where K is PL homeomorphic to the standard sphere. Theorem 7.1 is stronger than this special case.
We review handle decompositions. See [1, 25, 26] for detail. Let W be a w-dimensional compact manifold (w ∈ N). 
]) = φ may hold. B (resp. T ) may be the empty set. We do not suppose whether B (resp. T ) is connected or not. We do not suppose whether B (resp. T ) is closed or not. We say that B is the bottom of this handle decomposition and that T is the top of this handle decomposition.
For a handle decomposition, regard the core (resp. cocore) of each handle as the cocore (resp. core) of it and replace the top (resp. the bottom) with the bottom (resp. the top), then we obtain a new handle decomposition.
Let V be a compact (n + 1)-dimensional manifold (n + 1 ∈ N). For the convenience of the application (see Theorem 7.1), we suppose that the dimension is n + 1. If a handle decomposition of V satisfies the following conditions, we say that the handle decomposition is a special handle decomposition of V .
(1) The top T is connected or empty. The bottom B is connected or empty. (2) It has only one (resp. no) (n + 1)-dimensional 0-handle if B = φ (resp. B = φ). It has no (n + 1)
The dual handle decomposition has only one (resp. no) (n + 1)-dimensional 0-handle if T = φ (resp. T = φ). The dual handle decomposition has no (n + 1)
]). Example. If the above V is 6-dimensional and has a special decomposition with B = φ and T = ∂V , then V has a handle decomposition (one 0-handle)∪(3-handles), where there may be no 3-handle. If the above V is 7-dimensional and has a special decomposition B = φ and T = ∂V , then V has a handle decomposition (one 0-handle)∪(3-handles)∪(4-handles), where there may be no 3-handle, or where there may be no 4-handle.
We define 'surgeries by using embedded handles' as follows: Let X be an x-dimensional 'submanifold-with-boundary' of an m-dimensional 'manifold-with-boundary' M (x, m ∈ N, x < m). Suppose that we can embed X × [0, 1] in M so that X × {0} = X. Suppose that an (x + 1)-dimensional p-handle h p is embedded in M and is attached to X × [0, 1] (p ∈ N ∪ {0}, 0 ≦ p ≦ x). Suppose that the attaching part of h p is embedded in X × {1}.
Note that there are two cases, ∂X = φ and ∂X = φ. Note that X is the bottom and X ′ the top of this handle decomposition. Then we say that X ′ is obtained from X by the surgery by using the embedded handle h p . We do not say that we use X × [0, 1] if there is no danger of confusion.
Let n ∈ N ∪ {0}. Let K be an n-dimensional oriented closed submanifold of a (not necessarily closed) (n + 2)-dimensional oriented compact manifold-with-boundary Q. We suppose that K satisfies the following condition (⋆): (K∩ IntQ) = K − ∂Q is connected and is an n-dimensional open submanifold of K. K − ∂Q is transverse to ∂Q and is an n-dimensional compact submanifold of Q. K ∩ ∂Q is a (not necessarily connected) n-dimensional compact submanifold of ∂Q.
If K ∩ ∂Q = φ, we define the tubular neighborhood N(K) of K in Q as follows: Take the tubular neighborhood of K − ∂Q in Q, and say X. Take the tubular neighborhood of K − X in ∂Q − X, and say Y . Let N(K) − X (resp. N(K) − X) be the total space of the restriction of 'the collar neighborhood of ∂Q in Q' to Y − X (resp. Y ) as a fiber bundle. Let N(K) be diffeomorphic to K × D 2 .
Theorem 7.1. Let n ∈ N and n ≧ 3. Let K be a closed oriented n-dimensional connected, ([
We suppose that K satisfies the above condition (⋆). We do not suppose whether K ∩ ∂Q = φ or K ∩ ∂Q = φ. Let N(K) be the tubular neighborhood of K in Q. Then the following three conditions are equivalent:
].
(ii) There is a [
There is a Seifert hypersurface V for K that has a special handle decomposition whose bottom is the empty set and whose top is ∂V .
Proof of Theorem 7.1. Since [K] = 0 ∈ H n (Q; Z), there is a Seifert hypersurface V for K even if K ∩ ∂Q = φ. By using isotopy of V , we can suppose that Int V ⊂ Int Q and that V is transverse to ∂Q. Let N(V ) be the tubular neighborhood of V in Q.
We prove the following proposition.
Proposition 7.2. (iii) =⇒ (i).
Proof of Proposition 7. ].
Consider the infinite cyclic covering space Q − N(K) of Q − N(K). Note that Q − N(K) is a union of the lift of N(V ) and that of Q − N(V ). By Mayor-Vietoris exact sequence on them,
By well-known facts on covering spaces,
]. This completes the proof of Proposition 7.2.
Proposition 7.3. (i) =⇒ (ii).
Proof of Proposition 7.3. We prove the following claim.
Claim 7.4.
There is a simply-connected Seifert hypersurface for K Proof of Claim 7.4. Take a Seifert hypersurface V for K. Let {g 1 , ..., g µ } be a set of generators of π 1 V . Let g i also denote a circle that represents the element g i ∈ π 1 V. Note that the dimension of V is n + 1 and that n + 1 ≧ 4. Hence we can suppose that g i is embedded in V . Since g i is embedded in V , the intersection product of [
Hence we can take a continuous map
Note that the dimension of Q − N(K) is n + 2, and that n + 2 ≧ 5. Hence we can suppose that f i is an embedding map.
We need the following lemma.
Lemma 7.5. Let C be an embedded circle in V . Suppose that there is an embedded 2-
Proof of Lemma 7.5. Since V is orientable, N(C) = C × D n+1 . Hence ∂N(C) is the trivial S n -bundle over C. Since n ≥ 2, all sections of this trivial S n -bundle over C are homotopic. There is a section perpendicular to V at C. i . Note that (the disc) ∩ (the other circles)= φ. Note that f (the disc) is embedded in Q − N(K) and that f (the disc) ∩ V = f (the innermost circle). Take an embedded (n + 2)-dimensional 2-handle whose core is f (the disc) and whose attaching part is embedded in V . Carry out a surgery on V by using this 2-handle. (Note that we remove the interior of g i × D n and add D 2 × S n−1 .) Repeating this procedure on such circles in each D i , we obtain a new V . By van Kampen theorem this new V is simply-connected. This completes the proof of Claim 7.4.
It is trivial that Proposition 7.3 follows from the following Claims 7.6 and 7.7.
]. Suppose that there is an (r − 1)-connected Seifert hypersurface. Then there is an (r − 1)-connected Seifert hypersurface V with the following condition: For t = 1, −1, the homomorphism ι :
that is induced by the natural inclusion map is injective.
Proof of Claim 7.6. The r = 1 case follows from Claim 7.4.
We prove the r ≧ 2 case. Take an (r − 1)-connected Seifert hypersurface V for K. Suppose that α ∈ π r (V × {t}) satisfies the condition ι(α) = 0 (t ∈ {1, −1}).
Note that the dimension of V is n + 1, and that 2r ≦ n + 1. Hence α is represented by an embedded r-sphere in V .
Let α also denote this r-sphere. Then there is a continuous map f :
is r + 1, that r + 1 ≧ 3, and that 2(r + 1) ≦ n + 2. Hence we can suppose that f is an embedding map.
Take an embedded (n+ 2)-dimensional (r + 1)-handle whose core is f (D r+1 ) and whose attaching part is embedded in V . Carry out a surgery on V by using this handle. (Note that we remove the interior of S r × D n+1−r from V and attach D r+1 × S n−r .) We obtain a new V . Repeating this procedure. Since π r V is finitely generated, ι : π r (V × {t}) → π r (Q − N(K) − N(V )) becomes injective for t = 1, −1 after finite times of this procedure. This completes the proof of Claim 7.6. ]. Let V be an (r − 1)-connected Seifert hypersurface for K.
Proof of Claim 7.7. Take any element α ∈ π r V . Note that the dimension of V is n + 1 and that 2r ≦ n + 1. Hence α is represented by an embedded r-sphere in V .
Let α also denote this r-sphere. Since π r (Q − N(K)) = 0, there is a continuous map f :
Note that the dimension of Q − N(K) is n + 2, that the dimension of D r+1 is r + 1, that r + 1 ≧ 3, and that 2(r + 1) ≦ n + 2. Hence we can suppose that f is an embedding map.
We prove the following:
Proof of Claim 7.8. We need the following claim:
Proof of Claim 7.9. Since q ≧ p, we have α = ε 1 ⊕ β, where β is an R q−1 -bundle. Since
r -bundles over S p are classified by π p−1 SO(r). Note that p−1 ≦ (q−1)−2 and that ε p+1 ⊕ β is the trivial R p+q -bundle. Hence β is the trivial R q−1 -bundle over S p . Hence β ⊕ ε 1 is the trivial R q -bundle over S p . This completes the proof of Claim 7.9.
Let N ′ (α) be the tubular neighborhood of α in V (Recall that N(α) is the tubular neighborhood of α in Q − N(K).) By Claim 7.9, N ′ (α) = S r × D n+1−r and N(α) = S r × D n+2−r . Hence ∂N(α) = S r × S n+1−r is the trivial S n+1−r -bundle over S r . Since n + 2 − r ≧ r + 2, all sections of this trivial S n+1−r -bundle over S r are homotopic. There is a section that is perpendicular to N ′ (V ) at α. Another section is defined by f (D r+1 )∩N(α). Both sections are homotopic. This completes the proof of Claim 7.8.
Recall that f is an embedding map. By Claim 7.8 we can suppose that f (D r+1 ) intersects V transversely and that f (D r+1 ) ∩ V is a disjoint union of connected, closed, oriented, r-dimensional manifolds. Note that each of these r-manifolds is not an r-sphere in general. Take an innermost connected r-manifold M of these r-manifolds.
There is an (r + 1)-dimensional compact connected, oriented, manifold W embedded in D r+1 such that M = ∂W . By the existence of W , M is a vanishing r-cycle in Q − N(K) − N(V ). By Hurewicz theorem π r V = H r (V ; Z). By Hurewicz theorem, Mayor-Vietoris theorem, and van Kampen theorem,
Hence there is an r-sphere embedded in V that is homologous to M and the homotopy
is injective, the homotopy class [M] ∈ π r V is zero. By obstruction theory there is a continuous map f :
Hence we remove M from f (D p+1 ∩V ) and keep the other connected manifolds than M by using a homotopy.
Repeating this procedure, we obtain a new
Hence π r V = 0. This completes the proof of Claim 7.7.
This completes the proof of Proposition 7.3.
Proof of Proposition 7.10. We prove the following proposition that is stronger than Proposition 7.10.
]-connected Seifert hypersurface V for K. Let B ∪ T = K, where B (resp. T ) may be the empty set. Let B and T be connected, ([
] − 1)-connected, compact. Then there is a special handle decomposition of V whose bottom is B and whose top is T .
Proof of Proposition 7.11. V satisfies the following ( * ): There is a handle decomposition of V with the following conditions; (i) The bottom is B. The top is T .
(ii) It has only one (resp. no) 0-handle if B = φ (resp. if B = φ).
(iii) It has only one (resp. no) (n + 1)-handle if T = φ (resp. if T = φ).
Reason: Use 1-handles and cancel one or some handles if necessary.
Note that V is simply-connected and (n + 1)-dimensional, that B is connected, and that n + 1 ≧ 6. Hence we have the following (see e.g. Lemma 1.21 in §1.3 of [16] ). Claim 7.12. There is a Seifert hypersurface V for the n-dimensional submanifold K whose handle decomposition satisfies the above ( * ) and has no 1-handle. Claim 7.13. There is a Seifert hypersurface V for the n-dimensional submanifold K whose handle decomposition satisfies Claim 7.12 and that has no 2-handle.
Proof of Claim 7.13. Take a handle decomposition of V that satisfies Claim 7.12. Take a sub-handle-decomposition 2-handles) if B = φ of this handle decomposition.
Note that V is parallelizable, that B is simply-connected, that the dimension of B is n, and that n ≧ 5. Hence we have the following (♯)
Note that V is connected, [
]-connected, compact and that B is connected, ([
]−1)-connected, compact. Hence H 2 (V, B; Z) = π 2 (V, B) = 0 by using Mayor-Vietoris theorem, the homotopy exact sequence of pair, Hurewicz theorem.
By these facts and the above (♯) we can eliminate all 2-handles. This completes the proof of Claim 7.13.
Note. Suppose that two compact connected manifolds A a intersect B b transversely in a simply-connected, connected, compact manifold C a+b+1 . Whitney trick does not work in general when a or b is 2 even if a + b ≧ 5. Reason: Let a (resp. b) be two. Whitney disc may intersect B (resp. A).
Claim 7.14. There is a Seifert hypersurface V for the n-dimensional submanifold K whose handle decomposition satisfies Claim 7.13 and has no i-handle
Proof of Claim 7.14. Note that V is connected, [
]) by using Mayor-Vietoris theorem, the homotopy exact sequence of pair, Hurewicz theorem. By this fact and n + 1 ≧ 6, we can eliminate all i-handles
]) by using Whitney trick. This completes the proof of Claim 7.14.
Take the dual handle decomposition of the handle decomposition that satisfies Claim 7.14. Eliminate one or some handles if necessary in the same manner as above. This completes the proof of Proposition 7.11.
This completes the proof of Proposition 7.10.
Proof of Proposition 7.15. It is trivial that Proposition 7.15 follows from the following proposition.
Proposition 7.16. The n = 3, 4 case of Proposition 7.11 holds.
Proof of Proposition 7.16. Take a simply-connected Seifert hypersurface V for K ⊂ S n+2 . Since V is connected, compact, and B is connected, V satisfies the condition ( * ) in the first paragraph of Proof of Proposition 7.11. Take a 1-handle h 1 of the handle decomposition. Since V is oriented,
, in the positive direction of the normal bundle of V in S n+2 − N(K). Thus we obtain a continuous map g :
Note that the dimension of S n+2 − N(K) is n + 2, that the dimension of D 2 is 2, and that n + 2 ≧ 2 × 2. Hence we can suppose that g is an embedding map.
Take an embedded (n + 2)-dimensional 2-handle whose core is D 2 and whose attaching part is embedded in V . Carry out a surgery on V by using this 2-handle. (Note n−1 = 1. Note that we remove the interior of S 1 × D n from V and add D 2 × S n−1 .) Then the 1-handle h 1 is eliminated and a new (n − 1)-handle is obtained. (Note that the dual of an (n − 1)-handle is a 2-handle not a 1-handle.) We eliminate the 1-handle h 1 and obtain a new V . Repeating this procedure, we eliminate all 1-handles.
Take its dual handle decomposition. Since V is connected, compact, and B is connected, it also satisfies the condition ( * ) (Of course we replace B (resp. T ) in the condition ( * ) with T (resp. B)). It has no n-handle. We can eliminate all 1-handles as above so that we do not obtain a new n-handle.
Therefore the new V has a handle decomposition such that the bottom is B, that the top is T , that it satisfies the condition ( * ), and that it has no 1-handle, no n-handle. This completes the proof of Proposition 7.16.
This completes the proof of Proposition 7.15.
This completes the proof of Theorem 7.1.
Proof of Theorem 3.1
We prove (ii)=⇒(i): Attach an embedded (2p + 2)-dimensional (p + 1)-handle to a simple Seifert hypersurface for K, carry out a surgery by using this handle, and obtain a new one. Then a simple Seifert matrix associated with the old one is (−1)
p -S-equivalent to that associated with the new one. Repeat this procedure. . Let V (resp. V ′ ) be a simple Seifert surface for K whose simple Seifert matrix is P (resp. P ′ ). Take a (2p + 2)-dimensional (ii) At most one critical value of Φ lies in each interval (t i , t i+1 ).
Therefore it suffices to prove the case where Φ has only one critical point. If we change This completes the proof of Theorem 3.1.
Proof of Proposition 3.2
We show an example. Embed S 3 × D 3 in S 7 such that S 3 ×{the center} is the standard 3-sphere trivially embedded in S 7 . Let the submanifold ∂(S 3 × D 3 ) in S 7 satisfy that the S 3 × D 3 is its simple Seifert hypersurface whose simple Seifert matrix is a 1 × 1-matrix (0). This 5-dimensional submanifold is called K. We can suppose that We show another example. There is a closed oriented 3-dimensional submanifold K of S 5 with the following property. (See §10 of [9] for this submanifold for detail.)
(1) There is a Seifert hypersurface V for K whose framed link representation is the (2, 2a) torus link such that the framing of each component is zero (a ∈ N − {1}). 0 a 0 0 is a simple Seifert matrix for K. (2)).
Proof of Proposition 10.1. It suffices to prove the case where P J is equivalent to P K . By Theorem 3.1 and 'Theorem 7.1 and its proof' we can suppose that there is a simple Seifert hypersurface V * with a special handle decomposition (the top ∂V * , the bottom φ) whose simple Seifert matrix is P * ( * = J, K). By Proposition 2.2, P * +(−1)
trivially. We can take p-spheres in ∂h 0 and attach embedded (2p+2)-dimensional (p+1)-handles to h 0 along the p-spheres so that a simple Seifert matrix associated with the result 
Furthermore there is a diffeomorphism map f : S 2p+3 → S 2p+3 such that f (V J ) = V K . This completes the proof of Proposition 10.1.
Proof of Proposition 10.2. By Theorem 3.1 and 'Theorem 7.1 and its proof' we can suppose that there is a simple Seifert hypersurface V * with a special handle decomposition (the top ∂V * , the bottom φ) whose simple Seifert matrix P ′ * is (−1)-S-equivalent to P * ( * = J, K).
Since J is diffeomorphic to K, we can make a closed oriented 4-manifold M = V J ∪(−V K ) by identifying J with −K. It holds that σ(V * ) = σ(P ′ * + t P ′ * ) = σ(P * + t P * ). Hence σ(V J ) = σ(V K ). By Novikov additivity, σ(M) = 0. Hence there is a compact spin oriented 5-dimensional manifold W such that ∂W = M. Surgeries by using 6-dimensional handles let W have a special handle decomposition
). Hence we have the following: By surgeries using 5-dimensional 2-handles embedded in S 2p+3 we obtain a new Seifert hypersurfaceV * for * with the following properties: Its simple Seifert matrix isP * .V J is diffeomorphic toV K .P J is equivalent toP K .
Since 2 ≦ 5, there is a framed link L * = (L * 1 , ..., L * ν * ) that representV * with the following properties ( * = J, K):
The framing of L Ji is the same as that of L Ki This completes the proof of Theorem 3.3.
11. Proof of Theorem 6.1 Claim 11.1. There is a simple Seifert matrix P * for * ( * = J, K) with the following property: Each element of P J is the same as that of P K except for only one diagonal element. They differ by one.
Proof of Claim 11.1. There is a (2p + 3)-ball B where the twist-move is carried out. Take a (2p + 2)-dimensional (p + 1)-handle h associated with the twist move that is embedded in B. Let Z be a (2p + 1)-dimensional closed oriented submanifold
Hence Z is a (2p + 1)-dimensional connected, (p − 1)-connected, simple submanifold of S 2p+3 − B. By Theorem 7.1 there is a pconnected Seifert hypersurface W in S 2p+3 − B for Z that has a special handle decomposition (the top Z, the bottom φ). Note that the handle h is attached to W . By using this W ∪ h we obtain a simple Seifert hypersurface V J (resp. V K ) for J (resp. K) that has a special handle decomposition. This completes the proof of Claim 11.1. p+1 -S-equivalent to (−1) p−1 P J . This fact, the above (1), and Theorem 3.1 imply Claim 11.2. By Claims 11.1 and 11.2, we can make a (2p − 1)-dimensional connected, (p − 1)-connected, simple submanifold B of S 2p+1 from A by one twist move so that a simple Seifert matrix of B is (−1) p−1 P K . By [6, 8] and Theorem 3.3, we have (i) (ii) (iii) in Theorem 6.1.
Proof of Theorem 6.2
Claim 12.1. There is a simple Seifert matrix P * for * ( * = J, K) with the following property: Let p * ,ij be the (i, j)-element of P * . Let P * be a c × c-matrix (c ∈ N). There are natural numbers a, b ≦ c such that a = b and that ≦ 2µ) . Hence Z is a (4µ + 1)-dimensional connected, (2µ − 1)-connected, simple submanifold of S 4µ+3 − B. By Theorem 7.1 there is a 2µ-connected Seifert hypersurface W in S 4µ+3 − B for Z that has a special handle decomposition (the top Z, the bottom φ). Note that the handles h and h ′ is attached to W . By using this W ∪ h ∪ h ′ we obtain a simple Seifert hypersurface V J (resp. V K ) for J (resp. K) that has a special handle decomposition. Hence we have Claim 12.1.
Let P A be a Seifert matrix for the 1-knot A.· · ·(1) Claim 12.2. P A is S-equivalent to (−1) µ P J . 
